Ay)

-~

QG +b =04 (mdo
( ¢
B o7 P20 med)
® TFvery ned & (n0)=4 Avide Some inrego N Comsisting It .
[N - e h
(o ,10) = |
Q.10) =
v
Gmild\ 2 1
(an
qu)a)il (mod 9n)
N = lopcqn)——\




Problems

m = Ny kdp(aw), KRe Z

[
)
e
3

PT-

_ N\
Lo Om = |0 (med an)

A\

| &n-m P (o )

n ¥ pan)

WY

(al &“4-13 =4

OCL 41“)

25
th
S
3

Am = (M)D)] a) 0d, ap)

= 0| (mod an)

—

© R e pime p for whih 2X1 b oa .




18 SLNL mne

(2,9

(

te The)

o'

(med @)

)

LA G

Y

2131

I\

U,

h

'N!

<
T
=

I

|

Ly

Can

1)

™

)
-
Py
+
</




NT<
|

L

“ew U

{
2

]

k,_a

(v

104,

(mod

Pyoy

v das

bot

L b

To Show

nd. p)

(m

g T

Su

1

(1

fh

g )

(a

a
) | i

("

n

(m

od. P

vod

33 4%

U

> )

C 4L

)

odd .




Mulbiplicakive. Funebwns
:N— 2
l\\:’umhm Teovekic Funcham
P:N—>N
pGY = pt- p*
A numbpn Brovelic ,tuns!lu muj.t‘c?limﬁm \t;mctu i
$mn) = £ $0n)
1§ (m)=14
Nn= P\e-- : PLQL
Jon = S §@ 7). .. S0
B> M= boo = 6:: (i)
= 57y 9343 T g2t x 351
bleoo) L ¢ (2*) #(3) ¢(5°) il
= (- 2)GE-P)E-¢
T 4x2x20
* (b0
Theovem : P is mu kipli cakiv
Lk mnie N (mp) =4
Than | & (m-n) = p(m) ()
Congidun
L may e (n~D)m )
2, Mtz 2my, L. (n-Dm A2
™, , BM, = L Tn




_Ameng 010, Yous Wk |be @ mz.d P(m) | Hows

To pTOVE.:

RES 23, o, (-Dm

CoP'riru. D Mm .

&
€
e & X

(=

it n = Jo ey | Gmod )

=2 m = d‘m (mod M)

= | n10-))m)

= nlli

\,:\-\

L2 ..., N
7 I 7

O(v) Meges o Coprime | o n -

=4

$0) = D) D(92)- .. $ (P:%)
K

- T (PJQ i PQ_.'J-I\>

jei '
M . n
Tt T (12 2)
=1 | = J
- =
i a—
= >
o v
Prodler
© Prove E ¢l u Buen ¥ n23
Suppose | plm, P it Qn odd prime .

e e )

2(¢"- p" D Pl

= 2] $(n)



Su.o'ose. n=2" | rR22

o) = AF - 2t g~

® T pand g oht dui ?ﬁmx,witﬁ,|

, Prove that

Sl = pr

hun | Om) | n)

,...
G

=

1] <L
=l
X

[}

3
-
T
(e
N
=
In

«;

bod = T " (o)

r
D =T e (pa)

=

i\ e By

© ¢lm) ) )

tive divisoys o W

T\

[AN

i

=
S
]
3
e 2 £
B3

alL | positive  divicors &

s

" 3

S
=2

T(8) = #14%3,b,9,18 =&

TU8) = 12+ n+9 = 29




Lekt P be n___’nr'l
T > \+p
Tk%=- e
f(‘oﬁ‘)t )'I-PJ-P.Z.{.... .‘.Pe-
_ Fu\_
‘)~\
floall: S Jhuk &m utpdi cakive .
Theorem: Ty umwmrmw. bhan
Fn) = < S®
din
b aleo vl ‘|‘n&, Hive
SuPP e we hawe, mpeZ | (mmd:4
Now
Flwd = §W
dlmn
v Ty dlmn, drdida, didm, | daln, (4, d2>=4
Flo) = | S | §d 4= dd
dllM—
A2 ln
(il,d]_)=i
3 2_ :f(cl,clz—)
dilm
cl:_ln
= 2 p@)§d)
dilm
dzl'ﬂ
= S ¥ S prdd
daln tIm Ky
z P E(m) ® 8’"""") 1
@ § (wmr) = F(m) $)




. Do patioden , T and| T CLLa multipld catwe
L A
. T = TS
=\
)'d
=TT Cei +0)
=)
— .
v gy = [TV CPiQI)
|-1-Ll( Q5 +) \
- mTifi —1
= \[ pi- /
Problems
T Tl & odd | N Ja 0 Squa
-\ . v
dk | n=Pol e
L
) = T (&)
1=\
= {1;71";. W even
som = qT\-PQNL]I
nw o 9)
® Ty ol i edd Pr
On b 0 quoie oY
GB n = Q_Y?' -gc’( Some £
[} e
Mmoo P P o ANl p®
g
Tl =TT Py -\
(=1 Q‘l—\
for | M=) = hp\dr
o) ~Qapideo 47" ClaPe 4 bt
QL | ane| Qven ¥ ejer
(p'sl ane od 4)




and £ be L mu 'iph‘.mhive nuwmben

RCY - $C0D
PG = G5 | ¢ pri P
and €e N
_mh.mb_Cam_am m('l abood  Ew) & fn) 7
Q| Cz Qr.

Cad - FRL e, ped)

L £ e L PO

2 100 £ L (BT

S it . B

FIC))

r




Tn {)Y‘D\IC.:
S P = m
dm
{@=m & Multiplicabive -
S A o mudk plleative .
dn
as | iy mudbiplicative
F = 24"0
d|n
'?(\’)) - N
B = 2 ¥D =4
dli
$6) - 1
Lek P bg_amd l’rfmn ee N,
Cons n=p*
FGY S D = B + ol -+ + ()
dim NI (?Q‘—Q N--- _\PQ_PQ-l
= Pe'
:_:Fq,a.)
FlpY) = {G%
= FMH=f) ¥ neN fom dant rewr)
S ¢d) =w
din
Froblem :
+ W/,
Prove ek produck. sittve divicors o} neZ o n
T/
e Td =/n
! dln

Lok [y, dp .. dt be.positiy i\ﬁsoms_% N

NN M ane dame | divisors | buk !ty Some o) O%dy

d.\ ' d?_ ) dqtm)




T" m = d(dﬂ_-- - dtCr,

L d, |4 dn)

=
S

Mobius Tyermien  Formula

Flay - E/5D

an | LAprOAOm

S ud)F GT)

1)

()

dim 7‘

HMdoius Tnvession

diw

1= 2 wT(M
dlm

JL[VD=§1: i ne

Pl e | prime

lg_\-f- \)1_ mn=e P|._.. PV—

ulq) =~o = b2

w)= 1= m0D

®® oL

MCp) = -




To  Shew: an| as | wud iplicative
Clagn = W6 W Multiplcot
e, | alme) = WDty |} mpe N
Cm,m = 4
Capet) - p|mn
ulmp) =0
As | plmn (M) =
=lplm of flm
= Jm=o or wl) =0
T T
me) =0 = G un)
Care - T, ¢ Amn joc any prowe p .
= P-f-. p
N= Q- Vs
C P #a ¥ pasal G
Pi's land | %is | ase |diskinck prama
Mlmn) = (-\)MS
= Y (D"
= Um) ulw)
lomma: | S W) ;S 4 % o n=
— 1 dn Z'D | our
Mml) =4
Sm‘ol.ose, nz 2
e 0 P P
What does o Jooe Wke? (bmpack 1 Inolps)




S udy T £ Cuw)

AN

d.l'“— 1= dlp

_ 'F-\_ ( MOEFILHE W) - A (Pia))

T (1-1+ 0)

nd.

Flny = 2 §&

s = 5 WORE)

S wd) F(}) S ANIO N N IT )

~_"

j=
2
2
2
S
A

dlm and vl < d'in oy AN

dln d'|"(dq

3 n =4k
EN

S mz: dd' v

=M= dd'




S ud) £ £0d,)| - S Z u.(d.):p(db
C..\)‘f\. d)% d‘l'ﬂ. il%
SZ 3 2wl ? F e i D
d\ n dl:;——, { .
= $) -4

Mobiwa  Twvesaen  Formud

fly = £ HD —

| I

£ L SwdEMD) L 5 (ML) FE)

din dim
Prove .
\ 0 (]- 1
F o mulb > B Mmulkip

di—




Pro‘:J)eM
PT: < _}I“ = C'Cn:t-
dl'v\, (4,3 n
\ )
I P!
d\‘v\d olw "ld cﬁnn
- { " d
w din
= | )
7
Ty wmim F s w
! n vy(\_,
m\'m. = me ne
rw 2 24
n d|w
= Z Yd | 4 p |
alm m
dym
— O.\(M) - e_‘ﬁl'rp\
m
o) > ¢cm
n ™
Q Lk nz2
n-= P\e‘ P)fql-.. p?
< wddUD = %
dim
Sind wl and T e | mulk , % W | AT
2.uc<ntc¢) _ ’FY é.uca)tm
aln e J\p5
L \J
= TP UDTO 5 BEITE + MEDTED + .. 2]




- 1 D
=1 ( J
= DY
P et N
A pogitive ‘lbe“ nJal cal p ek proy
positive. | diNiSors b Qqy b .
n=%2d
L
= (n) -n
= |en) = 2n
EXam‘p’Lo. o -
Pr= b= | 2135
Py =2 2¢ =\ Y2 AT Al -
Pa = 49
Py = 8128
(onjech
© ¥ porfeck nurmbown Muman da?)(
@ pofed vund i 6 of 8 allewn ma
o |
Ps |- 335503236
Pe = 8598p%0Sh
Obseryaluo
@ Te | 8w O_W\F){LF & Numbien.?




has | b VInif Y n:’:w&m T odd podeck | Aubo
Meovem. = Leb m be an o mh%aJnm N opofedk &
ne 27 @) whae 854 ) pime | kz2
'%&Lﬁmg&
n: o5 (8D , o @%-) prime .
To Sheoww - oln) =an.
ol = (& (g8
=@ ¢ @Y
= o La -1}
= 2 (27 (@D
2 g -
P Suppoce Tn) = an
T N A
SOL L e i
Wb, [Jak | piaprc--. CP P2
g(n) - Psmpzez-- P:L
b
Mob o even  pafed
n=8 m ™m W odd
o) = @)l
= (") olm)
1Y Tm = @) em




&m = @~ Doclw |G
Bub &% Fr\
= 2 m
= m=@"n —Q
@ )E-D) M= @ )T
S| ¢olm) = 2"M
- (@M 4 M
. ™m 4M
We  cank ofterd | M2 Cuovibe) | -
Sm‘\‘ g | M2
4 pIM..
Tl = maM ap
> maM
&=
S M=), mdla pn
From ©
Nz af ' m
=2 ®) ) (2-)) prime
Can | we | Sau {L.mdmm.ﬂJ R
£ dheudd be :rm»u_
SM s Qven P“{j“’k < N>: &P—\ €1 %Y . ond.
&?-\ J3 @ l\)'r‘lm.




Theorem. ;
O nd an Qe PO Nmbon, W= 6 or 3  Cmod (0
:
n= 8 (@D . p s o pn
-1 U o pn
Ty pe2, N6 |da
Aume, P odd.
p-l4ki) oY ?zl\lt-\'b
Cane-) p= k1)
=2 ( 2l
= " (26 ) wed o
26[86:7) modio
26 (md )
Cane-2 : | p= QLA3
g [a‘q“z-_‘K (med (o)
= @)@ [8°5-1) (noa
= QGDC!D[_ ey (mod 0)
L (OOWE  (mod 10)
= g (mod )
Provdems -
I, M- @D P, 8 -\ O pTIS
Prove plw = M- ;e
(', 2"t 22 $0p%) = p° _p*”
s ety - 90 9(af-1)
=@l I -2
= G-p) @ (£-)
L on—|g®?




\

@ Proy ﬂhﬁ

not

o'

isky

&k

odd.

Qh
4

() ()

A (

1)

I
¥

>-}q!

+ P9

se

14 PAY,

P9,

ELEL

(-p) = -\

1-9

3le CE

\)

1¢ed 2

3

Jn

Recal

T(“) =
"

?l.l_.

™M

3P

1¢d ¢
ENED

n

1
= \\

L




s odd.

S.u‘:vpose

Than, | 6\n.

2 ¢

Pk @

- <

To  Chew

T(sw) = lom -

aln) =

)

13

No~

&S

502

1S

—S<r




-

n =" (-1

P a1 an primes -

N\
YLD e Lor 3" -1 | alled Mo numbor .
Mp -= i e pime calfed  Mensenne prime_.
) Pr'nMMt fov M Primas.
pE 3 (medu) , P73 & a pi W thot
» also O pr Joan  Mp wn Compog
= 26\
P=a% | = (nod [4)
=503 W o prime .
19

= & -] » (‘orvuvoos'll'e N




Chapkan ~\0

Priminy

é

ativ inbegn moduwlo  m

(4R

Z 3
e}

3

=

3)

h

b =4

itive | inke eeN & 653) (wmod

ny

o
o Ordin o o Moduwlo 'm & I Smollut
Notoben :  oxd 0 =

* We  can hm_an_\Lp%M m e €< o)

(mod M)

)
n

Exa, \?ls’.

ED)

1}
o

o

]

=
~
3

‘364)
d %)
56 z 4 CMJ. D

o
m
o>
=2

®

O\‘A. S =
¢(13) = 12
5 = (med. 12)

sV=1) (mod 13)

Theovem = ke m &N (am)=4  and ovd o =€ .

eln.

e
\n
—
g
-
S

f g

I
Z

eln = m-=er

>
©
~/
1‘
1]
T~
1)
—
=3
S
S
3




= &Qme a" =1 Cmod m

Such ok | Caym) =4

a [

m=-qexrr | o<

n

49

RO I @odm)

2> a2 ) (g m)

3 q>e S6&

T | panticud otd. o | dim)
g 5 m
Emb\ﬂm :
ova, S 5=($
SR
4)(:!-0 = 4)(33 !).GD ﬁéﬁ
K~
~8-6 A
= 2

Nobite 15 = 1 | (mod 21)

U (mod. m) < )

1)
1

<

L a ‘a,‘.' mod ™) |and,| =4

=

I
~J
~
DI'
2
[




-

a =1 Cwodmd

£ @) (medr

=) | (modm)

° ovd a = ¢

a.é_ll o a® au i.\'LCo«vg‘mu o eachh ot modudo

Ovd. CQ.!) = OTA."&!, - |e

P

P‘OOQ s

-gu%n‘)use d= (K £)

e D p- oy

~
ity
©
~/
u
T

To P'mw .

ovd a“ =




r e\eld 4
(af) _ ()4
Lld
=1
= | (ed w)
To  Qhew -
Te| i e | cmallab! Su
Sm{nu&e 44 LAb
L
7=y (mod m)
Buk O‘AM\ =0
= el kl
= e |lrt
L I
e
> = L
= ¢ <
d
Prodem,
0"“&4 2 = |2 otd Q,t' - e
. m Ch)
o, 2° = 2] _ 4 01d| &
? (3,12) 13
ez = 12
L 12 ¢
Omﬂz = =3 check 1.2 266,12
Ce 1) .
2 =
$(@) = .
= |y
’,2,3,4,5,'2. fs-g‘
2 i
=] (mOALS) 2% = 1k = 3
6 _
2° =28 =- [ (wod IR)
B




ook . modwlo ™
vk ame N | Gm)=4  Thn a ds| Colled primitt
ovd @ = §6m . (o) ez @)
© Thone| sl Mo |quarenim o xigene .
Example :
L b primitive | voot mod, I3
’ &_OQI _M‘nttve ToolE = & ()
Avrq‘;}uz.-.
o, &, at”
=
G, %, _ L, M)
4“’»‘“ﬂ —> Mdo




Ruca

Co,m)

(m

bid | @

e_.

) (mod

m)

1)

Td O

1}

-

colled,

Toot

(m)

Yo

, 12, . .

, A

m)

p09) 1

Hve

Joax

thﬂm}

pU

e uk

Ql‘ 02, --

CRado  Svom. hook

(med

m)

(3,1

)

(mod

m)

fx,

M







Jhe #F 9% |‘nr\mumm Yosiz
p‘m&ve Yootk mod m, Jhew m t l‘n‘\mlﬁ.\lt’. YoolE
. calll 0. 0a,. ~ | Time,  consumi
Prold
Rnd. i - Frim‘\ti oell dulo )
ord, 1 =\ P-4
\q i
$() =18 CRyed-1 |,3,5, F 1,13,
2V 9 med $a, 2 at Q" ,&\3/. ]
&
2z (mod. 19D
alu ‘v‘nmi’gve Yook
1 kDl = 1Y
,55,: g’*, &“. Qrz, &\:-3




“mod 14

18,3

[0\
(

Mod.

0

<
ggw

({) (&

1)
(0]

1
=

NE

Prime

Tuum

\Hve,

od

D)

b
|

imal

E

ity

(]

Ay

(me

d n)

-

(g

L n)

dd\iSor

O

<

0vd.

e\n

n-\

divi

oY s
)




) v
"xﬂ \/q/ R l& ‘1[,
L -
- (@) ’ (mod n
= \ Mod v,
<\
Buk 1“ ly 3\ (modn)
- de
- k=)
ovd. L= -
We . Jbk to S nowoa P
Rec Jhot
o X | 4G
v
= a0
D o) =n-
S W w \m‘um_.
Frobom.
Ty p hos o primitive  yosk o dos Qi N, o
rimive ool
* ¢(n) |up Ovenm N2
- o4 - -0 | even. | Dome .
I e mu&!&\\)Ql akt YWOAL @) wod m , (a,m)=
o1d o = 0w O
124 m
Notw Jdhat = 1 (modwm)




ek ovd, o =
@ = ) (vedm)
@D = | (med m)
To ghow: e dn | dfle  Smallpd
Ak L<e | &b
@) =\ ok m) @Y - &
o (@Y = " (rod m CONEICD
1 = g* Cmedm
A
o = a7 (mod )
OT(LMQQ-\ = e -4
(e-1,€)
T pogicddan , k- a ) Pﬂm‘r’d’v@ et | M0 ' U | Iy
Th~ fov amqj wa:, P, 3 o dowmant of owdy p-l (&)
Lemma, -\ -
dt Jeye 200 e a t\soxéwow\.lol, do_%m "o ?)(an
e, Qe | wy | dhe ‘( Ore%iciu\t 160 .
Than, 460 =0 Cenod 2 h ot NI Soutiont .
oo
We | procted. | by | induciow e M
n=\ !
LGD) = QX +ao P




QL iy E0 ('V‘ShP)
QL = -0Oo (mod )
K e 4, qolnl-
foldh for m=t,
&HDSLJ&L h fov n=lk. fok %L') o Pddm
Q%_&%[y_ R t\
To  SOlve .
%(70 =lo (mdp) — ®
Can-\ 2 @ | hay Mo Sok
We. | howe, nmt\?xo VS prove
(fgxig_-.&wpg_(b s O Sui‘ni md &
5 9l 2o Ced p)
= C&u“ = (7_-«)'%"&) A N
90) = @-2)3 6D 30 (modp)
= nzo MoA?
{@: @-ac)é\;(x)\m/b
in !
Suppose B any Omr&g)n__p{’)_@ :
= %LF = o (m F)
%L@ = (B-« %—(P) (med p)
= CP-@?ECB) =0  (medp
> G =0 (nodd CRid o modpd
G
Rk p anL& Mg Gnd. Ap-1. Thn
2=\ =0  (medp) oy cly Seluhioms, |
[ | (
®




1 (med p)

Solns

Cyeeyp

Md?ummk'

?-\-LA

Cmod ¢

3

1)

-0
1

-

Sol

(med p)

D =

neo N

4

®

/




Lemma-3 - E pbe o prime, and dly-\ d exw(i ?CD 'l'lCDVuruuu* L
o | v medulo p .
1\ [
Notokem -
u,ﬂca) = #Sae N : J£@cp|  oOnd onifl=d’l|
| Cd

2({70{) :z‘l),
ilp-—\
Ao $4) = p-)

d|pn
Carg -y

ar} ¢ (d) =lo | Pa) < P (@)

12~

) (y(d\ £ 0
At oo e lom efom o!“ ovdan d. CmdF)
Cont 30 a,o}, ) ,a"m e 8\- mqf
Tt e mdcq ch(cD ink g
Theovem
R , 1 4 st ook e} p
® In dbac!rl F  ex hl? {)()-D in y ?'\"\Y\.Itl.‘ﬂﬂ. Yool | .




- Lok oL L. o imibive ) modufo LG Odk lr)"lrvuz)

-

—

P-\)2

¢ f
o =) (modp)
'(,LL;.‘y_ 21 | Uwed ?~
p (ée% L-)
o | JL|>-”z_\ o PloCH[LH
N &P“h = 2] (medp)
1 iﬁé =/p-\ Wtorll;J

2

Ml

&
=
B2
Rv
]
)
3

ay | aboye

) dr oL ke o P’r‘lmiﬁve Yoot  Mody 5153

y . oL 0dd

\V

prim Bve swet modwo | Qp°

$ (ap) = | $( $(p)

= 4)(”)
D ) .
0(14>(2P - &¢CP> P (_MOd #) Y,
ol 2) (mod. 2) — @
5 0p) ﬁ :
£ 2 1 (med 2P




9‘-
f
&
A
+
o)
-+
n
Q
g

5

-v

L+

o A --- -4 ol

-
1
-

PN

We

58
1
o
E)
S
NS

(BL-V) (Lo - - X dp—z)

Now  ot#l,

adxakic | susdun

At b ¢

m
()

(m o)

-

A\

-3
S
o

=~

not, "tk

\Lecowued

4p (AL 1B +d]) =

(mod. !)')

2
QAL+ B) + 4AC-B5

(med p)

2
2Ax4R)

0
= <§2/__4E Cmod@“

We

-4 43 = o/ (med 12)

-1 = 10 Ovod 13)

mn NS

~

ac
1]

b, 7




6 = y44y | (wmogd [3)

2(y14) (mod13)
U /

L= U6 (ned 13)

h
.
=
g
o
&

me Z and. & | be | @ ke A (a,m)

:

allod

rofic YeNduo VoAl W & b Shable . wige o 4 calfed

N

=G (moo( l'5:

&u‘)\?use 0=h | Gmod ™Y .

o | ds c;iuo.émahc Jundue Wodulo ™ |« b s quednobie] dualdug

Mo d.

ge)_gd;gdmw iduwex  mod 13 .

)
= | * =z 3)
= |2 24
92
= 2 - q

-
n
F

"‘_MN (S

" m

o, 9,

AT § I
o P




Qmimh‘ JOndwa L Ha,a, 3,012,190
Quadnakl '

Regodd
b » he odd.| pima . Then dfwne one. exackly | P g
P P en ( 5TV
Jundws | ond B quadnatic. | nexld
Proet .
A
.Sw‘y‘) te, p | b Cn . )| quadrabic duot - Fas (s
aigl Soluwkons = &R | Solubwowa . The Muars o4 Sadua
2y PV S pA iy ey
A= P-\ S =PV quadiabic | Mesiduus
2
# 0l Yion ddugt = pa - (AN =| P
v Lz >
&ngg, 1 za (mod?) — 0
p oAb am odd prne, (apd =4
. Tt can| honle abwmost & wond|  Soluhut

hoy Qithan (0 lof &  Solwturuh .

28
"
e
3
-
<

g F
»

= (‘>-'J|.o

»
~
&
~

“ = o CGred p)

g
i

Eulloly  ritexian

- T W Q@ Re  susidue?

W ap) =4 p b an odd prime. Than @ & quodmatic Seddus moduld

[~

™

]

=

-~

(3
S
-,




Pro

S ose Y=o (wod p)
P-\ _ P-\/L l
0 = Q CMO'C“‘D
s> koo (mod p) FLT]
P-V2
Con QQIE,' asume O =) |(mdp
S J“Jor any . 0d

f me P, Twe, it ity

ok

B
T

= ¥ . c p—
@ = o (Mot;Q for soma R, < p-

P ( \L)V-‘lz_ Crod

> (&,

12_2_] (M(D}

av - e har to be | 0wy

d_Js 0 pnmitive | Took- @ pTUNL.

-
S

|
0vd |- [p-\

\Y
o
L
>~
o)
T
R

n

2 NS J
Thn a: & (o(,n G

/




| \ | Pl _
0 i 0 quadvaic Nen-dadu & o | = GO medp
-l
0 = 1| (modp
A=V = o (mdp)
Pl ~ |, P
(0 =) S D=0 Grap
s Ly (modp)
Qs ptiun w  for |quadsabic vexidoua
P\ |
,%. SU.‘DPWSQ C'D'a: =4 o £ - (moét P)
Iy o v quadyalle Suidue | -\ =1 (mod )
S 1Lz0 (mdp)
> P2
L& .
Lg;m_ﬁquhst
20 N
LQ,Q:P odd pruma . ek lae 7 t (pad=4

falN = ) ' V¢ a i quedvabic retdue o ¢

P ! . -
k 1 -\ ( O&l’u‘m
. 20
- ek lp L prime , ae 2 Ab (ap) =4 .o Js o quo
\ & -
Sudie. o p (cxm =4

©

Notz: 27=a (wodp) 4 Sovabe & (a!r'\/ =4,

Thao
Lok p be on pdd, 9\*@\11 allb &7 ur pXab
= \ = b] O
© Ty azb (madp) , e CQ{H (lP)
S\mee 02)  (medp)
17z o, (mod p) & Solvalle, if§ Lzb (modp) W Sohg
= [ = [B]
Ce) )




D '
&
54
1
&

= )
= (YN (] (medp)
NRLVAS P) <

»

-
N~
>

1[?>

In

Qﬂ(h‘ (a\o VOL.JU

s (o 4,

e If a = b (modp), then either both are quadratic residues or both are quadratic

nonresidues.

e The product of two quadratic residues is a quadratic residue.
e The product of a quadratic residue and a quadratic nonresidue is a quadratic

nonresidue.

e The product of two quadratic nonresidues is a quadratic residue.
e The square of every integer relatively prime to p is a quadratic residue.

BLIVESY

. 0od

-~
<
o
8

d,

]

(4,)!’\ =

u
:1
.

(1)

v /
L(e ;e pi1 (wmod y)
-)\’-\ [ |£— |‘>: 2 rW!ld li)

]

83

LT
—_ =

N\
P

)]

tl
“ N TN
c
—
L
- )




ned p)

mod p

o .ib %1&, MK!MQ
a i quod | ddue

E—
—_—

P12

q)v

L&)

)

42V

Sivier

'\
3
/

\[p/

Ty

/1t esh 0\

( 2./2

—

=4

>e‘“~

- e

=

\\/

7r(fm/“\i

WPALD)

(27
P/

Ca p)
ol

2

2 5h%,°

(a¥\ . [aY: /a0

\p/) \¢)

tP,

/ 5000 \

Nota -

(‘Oi)‘—“ﬁ.

"o

Q-= DQ‘ nez--

P

(ao) N\ = (2 [b] )

L 7)
. /P-*ZI\ =

Ex ON?\L.

- ~ 3
5000 = |S x (6x2) ::/‘“:/23 ‘\qx [QZzz\




..\)
O L[~ = 0
L I°)
IR p=\ (med &)
l -\ p33 (modn)
@ /-4 N\ | o (=\\/¥%
\ le3) Les )\ 3/
= -
Mmm
dok F\oa. A odd umg._,im& e L sk (Q{‘D-) =
M d Qeant  swsidwn  odudo P8} n . (e-1)
wnbin | e idu kg,agm . &L
dhak  exltesd PL, &
/Q-\a ("\S’\'
\r/
ExoumPIe:
p=13
\
=9
PV = §
Sa, 28, ..., tab
=+ {5' lo, gl.lu, L9, 308
mod p
—ds10,2, % 12, 44
= = E = 6-5
Z 2
.n - g
/o L Y
Pl




/IO[ a=10
\ (B P
B - 12 .6

2 2
Q(za' ) 6Q

mod 3 =100, % 4, 4, I, &)
P =B = 6.
2 2
n=4
(1] \ =4
L)
O (4 0.-1
VIR
PV = b
2
"f, “'t/ 2\ 28’ 31\’ 41
med 2 = §3,1, %) 2,4, 33
£ =g
2 N> 3
(%) 2~
\ B/
(2 | 4=?
L 8/ p=12
P -
= % {246,810, 02
%'!'L\I&,SI l‘;:lz's
Pl £ b5




U;una e 4 J[M _ dund
(2
k/zz/
=3
223
P'\ ! ii
mod| 23 =13,6,1,12,15,58, 21 1, 4,7, 10§
P = 2B - )].S
2 2
N = 4
/_3_\1= -
23
. - 4
Ol w
32 4q | Cmed 22)
=| 7% (med 23)




Raca

Tive .

i >

)|

ok

Lt ae
By

ha

Soln. |,

Qe

dvah

Loy —
N

V)

C‘M[;

"
>

n
N

wody  Crik

E n

<)
&

Pl

e
AJ

-+

What ‘@

Ne

wed | to

vod

n—:

€% d20d,

Plo

20

fP_\'\

. % )
S § s

S the

b a

<o,

(P4 \ -

e

\2 /




¥ )

™

w
p—

(Mod B)

2k

-

1

B+

n
Ind
-

—

3

= LR

-2r

.

¢
L

N"E

OQven

- Concdude

n=)
L]

3 (

nod

v
")

QK +

E

22X

5 (m

&)

= ~ |w
(v

\

St

&k

@I4EY))

\

)

Ky

)

3
™ £ 3

2 C

mod

2)

o
\

= | F ¥Rk

S
"

411

SR &

A2

1P

LW

(mo

4

L

1

o | U
W)

3,C

(o

d3)

Problems

0)

[ 8/

(7

—

>

T

®

~_
0

AW/

a/

N

T
o~

!3]‘}

/[3)

D

)0




Notz -

/-‘}P‘\ 200, g P2i(medy)
i Z-\ e | p23 (med
Ba- | /37 O\
9 )
. Hobvatiem for quadmabic |tech m“hé
VTAR AL TR N ask (medp)

> ) =

SuP|o§Q ?md, 9 e dickndt | pdd {);
(2
(D 5
( &) @y
PN\ = (-\)Qh’ L/%\
I\ (W 7
Ea: /7
¢ 1\ WY
=7
7= 43
(4] = ) (a2
L 143) AN 5%
o
) (1) @D
(L
= -]
W iy (?q;) = ql/P/ ?

Pa) = (19| i§ | =1 (modw)
L \q ir/

(mod 4)

o

=

i)
w

@) g [ P2 (mod &)

P

7 ond gz (-+nd0




3[ pP= 2
llol) q, = o)
' N
°l/s)
2/s)
7/

NEVAA I I R AN
\ P ()
Ba. 153/ N\ = /as/\ = - /062 \ | - - [z \[z2 ) <Rodo >
v LRy 1L [143) \ [2%) \ 3
b = (DO
9, = = (n)

p= Ga kg, P9 oaﬂ_d]skhﬁ__na&_rﬂmu. PT:

fa/\ |= [af \ = /4-a+4v/\ - /av/ N\
U ZERNEAZES AN q)
93 3 (modi) | 1 P22 (uody) | O w 3
faf\ = [af N - - [4a+q )\ L = [a/
P/ (et N (a) e/




Al
(YN = (b = (P2 o - L (
PN /R R O B W 1)) N
ENEZH My
- () G )
2 VIR SR AT CYA
\' P/ 177 \'1/
I pa (mod 4)
= (0 (Y4)
\. vy
:Do p=3 (mod )
= (=) (=) (\ Ys)
Frafam
C3p =4 — Jb| a Pﬁm.
=)
/3{/\ - C:f( (P[\
. \ 2/
= ("!3\, % P=) (med
[~ PN
\~ \~[3) It p =3 Wned
(P =Sf‘/-\ i pa i (med3)
\ 7/ i 3
L(Ql\s) | P22 (medd)
___5 ) i§ | p= (med 3))
l’ - ;5- psi2 Cmoc\'i




Mod 12

E ki
— @]
- 3 ik
lwp ) _
w t+ - |
-+ 3} —
- o n
N Ny
- ' o
e
s —_—
- o
LSRR
N
3 -
m_ = VAN I 7 N 174
~— = ‘M -M -
a- o}
(G| o g 2 m
1SS ! @7/ /ML ( rw J
[\ - a
— 1 1 o
- wn Om © - - o )
- it = ,.,bv W\./ 11 ul " H
( pp— [{
H. =) \ .m. o - e ol
7 - = ~ _n .
~—— =] — 1 N o Yy
,N\ \/.S/ m_s { ﬂ.l\ — \mw ﬁk
- —_ 3o A — , —- J _
) i n.WJ w S— / - (\ /|\ \
P.\l[ S “ \\ HW
(L d > \:1 /5 , —L_
_ o K Ve - TN ——
_ 3 = s
sy ©
—To \; b= -~ T~
o = - \ o
~ ~— m A @ &
m B P
& (I <




=4 .

“
Q.
J
> ) Q ©
~ €
£ e A_ 1 ,_ﬁ
= &
a. a L
< < TN )
S ~ Q. <]
A e N o U
w ! 1 s ) 5] >/5! ﬁ.\ 0
. Iy < Y
3 ArP MW e o N T =
a K ~ ~ | T o 'Y — N,
< - v Pl - | 3 < ~
Q .m S 3 ~
a- E rm ' 0 L Q
ik | MM Al
— - T~~~ 2
m oJ M_ m a2 \&/N..n ~ - s 1,
= m S & L 3> £
-~ = 3 &£




lye.

e

X, M)

Pos‘l

S

l=1\

W

o P'ruvu.

Jo.cobi

gy

Ss/

"SS5/

[ 272

4\_//

~

233 = 3.7

= [Iss/)\ /
\(c/\
)

7

Ja

Al

[ ITL X
v

yakic

1d

_ tauk

quadral

2

T=za

St

ln

(]
)

&%¥”9&

—

= 4

e

~_

NG




-+

'u— = /1 Q\/ZIS\
la/ \ \J}\
= (=D
= 1.
2= 2 | (mod s
™ be om o0dd 1\1‘916)1,, ond, Ca(m):(bﬂﬂ:{ ;
b (mod m) (a1 = (b]
\) | \'\'"/ \l"’/
(49 + (9 o)
(@) N o 4
N
d  Quo aﬂg._ﬁg_ﬂfhuha {a
Leb | o lamd | n be odd |infegers (st ((m,n) =1
(=30 (v
LYY R ER) ), )
kl VALY,
r .
T P{Q(

-~
S
N

fan/ | N= (3 \ /[133/ \

| ((258F )\ [2ssx ) \ | /2597

.




41 = 31137 =_(2s83) Y ( 2583/ A
\ > ) \ [l3:l/
2583 =
AT
\"°/\ |[(toT/
= - (D
= -
G0 | | ot quadnobe  Sualdue.  modide |25%% -
Conbined  Fragbuons
S"wlpo.ge relR | % ’»
J o Sequancs .in @ ok n\:IAb&L
- (ool v | conttrw Queh! O | Soguan o .
R Conkuned. | Rrac
X =00
Q|
Qo+ -|--.
Qn-\-‘l'
a
Al N
o Lol e ®R. {ad Po
[UR "\='O 4 = =1
"%y Can ho 7O o <o
( \ S,
|02, .., 0 One colted Pajhal, a#mw&.
o T) O0LeZ |Y pecicw, Hw expr D)
Cﬂﬂu-ég_g‘ba.mh- Cimple.| condnusd, ‘ﬁl t




agﬂ}
€

Eq - s (. s !
J l 24 )
\_-l-—‘l_
\ l3
Nobatitm - o= [ao-a, .., an)
T e obove | ¢x lI ,
Li=[‘/2 112-3 .
N
ﬂumun-&m& M Stmple. Contiund. | gadkion uppaseds 4 T
Numban
Proel -
LQk .x'-‘[.a.o"a!', 9,...0)0:'
Pary cap I m=0
X =0 & @
Body &ywe foxr | Mm=0 ‘
S\!.‘b oge MMM A'—O“( Sl)m‘ﬂ_ﬂ__%lmb. c.f wdh £ k{'l =ra.0'/.a),
X = Eﬂo‘,a.:..., Q) €Q,
=001 | o
Ea"}- 1 Q)
T+ %eQ
N ' -
¢;Q
Theovem.
Aqu Lt hoy. (an be. exprmed | oL o Slmple, 46&11!@. Conkinug
Jradt
v
Proo! .
|\]
Lk #e g
=] Cby=4 | qheZ, bzo.
b | !




S\(H:OSQ. 0= b+
N T
b b
L
b
H,
b= G, % 9% 0< N L
b = Q,; 4 N
A b A
ﬂ'__ = q/l + !
b U+ X2
~l
= Gl + ‘
9.+ 1
/hi\
(5
- Conki Wi\ Ly, a W ¢ =0 Uu& orations | Cak mmqf
*THn=2 =£qn)°|/‘,W3 - c‘lﬂ]
b
‘Exg@e:
23 | -1+ 10
13 12
= U+ !
13
(%)
N
1+ 3
[[o)
< 1y !
Ly [
10\,
3/
=1+
(A 1
34
3
z [, 330




G)vxv&)\%mb ;@, 1 :
—> n4 | paHal tenlz,
ot 1=[0.0'IO.|,.... (Ln:) P W,\
ki cmma;u\t ce = laoya, .0, -ac)
0Lr am
W (xmmﬁm}v =% .
Eq.
0
20 L Dy, 0]
12
=07 =1
G =0h) a1+ 49
|
G =321 ) - 4) 23 xS
1) 2 | 7
T
G =iy, Va5 s Lk
T L 7 l3
¢ =Dy, 1D 2 &), X )ebb
Cc |~ 1.bas
(. I 1615
G LG aCy £ als L3¢ (,)
Cy |w an nmm;m.ﬁ_m% [\ ‘t\wo i .LD
Caimv w |l a decudiing | Seq / pvoachung C»\
U ~ N J /
Both monokonlc Sagmency
Men
‘Th' LE.!? C. a PV. }\e k:“"- C \.0u0 d ¢ ~
c a W Dvoomt q e, _SMLPIE._Q)II]ZM&
Laey a),..,0n) |, whow Dek &n . ] shtns. - Faam on Sollogws -
Po = 0o Qo = |
PL= Qoa, 1 Q= Gy
= QLPE__\‘\-PI:-Z Qe = QAr.9,, s qvp_‘_




1 (s

: (e

o]

(1]

e

JAo

wlE

1
t

-

n-) 4 &ms

Al Pm~2_

—

lmay Am-o

+ Ym-)

44

L~

™ Q/M“l

Pm-

qm -

~ P

ma) F2

£ -

1 Y

’fvln) -

P4

Ym

H




ALthy =24

'—

| «

0y s, -

-
[
]
- <
. "
—4
d -
1
N
o
Sl
S
|k+ !
P —
]
11} Al \lp
KN} o
() )
a

by ndu

Thm -

Proo




(ovollayyy -

CP"

| g

ToM

> G

£ Czj-n

20

e

<
-

~ Pals2

Cai - O 1y )

2i

qn-'u;,
/S

Y24

A | P2142 993

Y

Y2ir2

A

- Fl.'\ A\

x Py

94,22

G A

Fais )

il 19

ta2 2ty — Patavd2ia2

— Paig,;

ad

2142 42

~4

9 4

OF

20

91

F2i )

qf‘l_; q/z‘

41\

tl

2.4\

Y2132 9o

1)

-

%

a1 Q2142

P’




Soly U LDE u/mu \@ A7 Q‘mPﬂ ol d kit -
QL ]o\.‘ql = (
2 soNage © (b |c
a tby =c /o |b\ -4
d al d ld T4/
We.| tons 0L+ by * | Cob) =)
L egq
b
0. =Ea0',. Qa, -y ahj
b
On,-\C va\
Qn -
CY\, =pl\ = (L Q’{\ =0
e 0 An/=b
Prdno ~ Protn > ()
Ldna - Pasb | D
Ty w odd ,
“ 7
Xo + qn-
‘ao 2 Pn-
4 o Solubou .
"“ nJA ey
Lo+ |—9n-)
(A"" * Pn-\
Js o Coln -




Frongt
[T22 A 20\\1 > |l0oo9Q
h3ax -\.sa = 12€D0 — O
We cenaider | the, LDE
431 —\s;l({ = 4 —0®
43:8-\%:8»,) gy . 3 ) )
S s 1A 2. 1 ) 0
T : > R
:=T8~,,\,| 2
n=3 odd
%o 4 92
fo = -P2
@ o Som o © |
Po 2 ap = Yo =4
P 2Qoay x\ = 8D ¥\ /=9 O Q=)
P = Q2P *Po Qs Q29 %0
= (DR) 18 =R SHEOEY
= 2
Xo = %2 =2
Yo 3 -pP1 = (3
Gur) s @ Son o @
43 %2 A5X-)F = 4
43y (2x2%0) 4/ Sx (-3 x26D) | = 26D
( So0, —4250) Soin A
All-Sol o} @  ane
X_=| Soo + Sk
4= -4280 - |43k




Iy \)' " Cm\himd Fradun
Oo + b,
a + b2
Gy~ b3
az & --.
a, e ® Vi
[ Wk d o s
(b_CMLJL%m@ g '6" o
We. | digcuss i ‘mlq‘ i Confnuad & %Jm L'%PL
0o + ‘
a |
Qp * |
Tagx -
be., bi=y WA i)
Moveoum , 1§ |%0e Z, djeN, we a1k ")mP)e, inhondz, Co nued.
We tan | assoctalz, wdh pence:
CV) = EQD;Q| R 5 m’\J
€Cw5 J8 on hmu‘a aqu bounded ove land TGhaldl & o
Qs 4 daquance, heun belet
&b C‘ln 20/ »Qk CZV\-\\ = .,U
N ->00 n-oco
2n
Canmy - (Con | = (=) = |
Yanst Yan qrzvn\ Y2n
< L
n?—
'n
W A5 2
W Gpay | =~ & cop
NS o0 n-> o
= ﬂ_: L‘




N30

Y_‘QD‘,Q\,. --;ql\-x

3

h->00

-

inike. Simplt, | Co ﬁm Cao,a,,... 3 o
C x2%o | Jb lan | ltTatu b . D

dde | 0 sequonce | O = [ A

A+ = { K=o P8

-~

lr_ -a.h

Caoyay,....J3 and Chob,,. ... Mpwent  the

fd . the vokb pepresantmd Ly [, ol 1)

\ (
x= -\‘1]!‘: —..-.S
= 1_\, \
NP !
x = 1al
iz
22 = 24
31 =0

ond. |t terab? by £3)6,1,4,1,4,1,43

(«» vy,

) )t




3%

—

4

:a“-\ |

(byn) = 18

+ 3

61[6 A+ = ",\

T3

vy N1y 0,y

)

oéi—"

4}% )

==

D - Y +1+Y

41@ = 5'}\1'*

“1( -l =0

y + b +l6

N PR

¥
~

=

—
&
o6
&+
N
1
\Y
<

by +1

q (185D

L

Z? AR

2

19 $1a i

2 30ia8)

19 () avz) A

2 { Ly *3fzﬁ

pla

—

25 A \q&




£g-| a
d
X = ’)Lo:\ITS’-_
Qo=-,___1‘°.)=[_ﬁ-—3 =3
X4 | =.\r\'3+'3
W3 - 4
q - [¥523 )
-







